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Àííîòàöèÿ

Â ðàáîòå ïîëó÷åíû âåðõíÿÿ è íèæíÿÿ îöåíêè äëÿ ìîìåíòîâ áåñêîíå÷íîé

ñóììû âçâåøåííûõ íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ

âåëè÷èí. Ïðåäñòàâëåííûå íåðàâåíñòâà îáîáùàþò èçâåñòíûå íåðàâåí-

ñòâà Õèí÷èíà..

Êëþ÷åâûå ñëîâà è �ðàçû

ìîìåíòíîå íåðàâåíñòâî, íåðàâåíñòâî Õèí÷èíà, íåçàâèñèìûå ñëó÷àéíûå

âåëè÷èíû.
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Abstra
t

In the present arti
le, we �nd lower and upper estimates for the moments of

the in�nite sum of weighted identi
ally distributed random variables. These

estimates generalize the well-known Khin
hin inequalities.

Keywords

Moment inequality, Khin
hin inequality, independent random variables.

Funding

The work was 
arried out with the �nan
ial support of the fundamental

s
ienti�
 resear
h program of the SB RAS, proje
t FWNF-2024-0001.

For 
itation

Arkashov N. S. Moment Inequalities for the Sum of Weighted Independent

Identi
ally Distributed Random Variables // Mat. Trudy, 2025, V. 28, N 2,

P. 18-27. DOI 10.25205/1560-750X-2025-28-2-18-27

� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è.

Ïóñòü {ξk, k ∈ Z} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñ-

ïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí ñ íóëåâûì ñðåäíèì è åäèíè÷íîé äèñïåð-

ñèåé, {cn, n ∈ Z} � íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü äåéñòâèòåëüíûõ ÷èñåë.

Ïðèâåäåì èçâåñòíûå ìîìåíòíûå íåðàâåíñòâà Õèí÷èíà (ñì. [1℄). Ïóñòü

äîïîëíèòåëüíî ê ââåäåííûì âûøå óñëîâèÿì íà {ξk} ñëó÷àéíûå âåëè÷èíû
ýòîé ïîñëåäîâàòåëüíîñòè ÿâëÿþòñÿ ðàäåìàõåðîâñêèìè (ò. å. P(ξk = −1) =
P(ξk = 1) = 1/2). Òîãäà äëÿ ëþáîãî 0 < δ < ∞ ñóùåñòâóþò óíèâåðñàëüíûå

êîíñòàíòû aδ è bδ (íå çàâèñÿùèå îò {cn}), ÷òî äëÿ ëþáîãî n ≥ 1

aδ(

n∑

k=1

c2k)
δ ≤ E|

n∑

k=1

ckξk|
2δ ≤ bδ(

n∑

k=1

c2k)
δ. (1)
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Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî {cn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü

ñóììèðóåìûõ ñ êâàäðàòîì äåéñòâèòåëüíûõ ÷èñåë. �àññìîòðèì ðÿä

∑

k∈Z

ckξk.

Î÷åâèäíî, ÷òî ýòîò ðÿä ñõîäèòñÿ ïî÷òè íàâåðíîå.

Öåëü íàñòîÿùåé ðàáîòû � ïðè êàæäîì 0 < δ < ∞ ïðè óñëîâèè êîíå÷íî-

ñòè E|ξ0|
max{2,2δ}

ïîëó÷èòü âåðõíþþ è íèæíþþ îöåíêè äëÿ E|
∑

k∈Z ckξk|
2δ
.

� 2. Îñíîâíûå óòâåðæäåíèÿ.

2.1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ïðèâåäåì èçâåñòíîå íåðàâåíñòâî Ëÿïóíîâà (ñì., íàïðèìåð, [2, ãë.2, �6℄):

åñëè 0 < s ≤ t, òî

(E|ζ |s)1/s ≤ (E|ζ |t)1/t. (2)

Â äàëüíåéøåì, ãîâîðÿ î íåðàâåíñòâå Ëÿïóíîâà, ìû áóäåì ïîäðàçóìåâàòü

íåðàâåíñòâî (2).

2.2 Ôîðìóëèðîâêè òåîðåì.

Òåîðåìà 1. Ïóñòü 0 < δ < ∞ è E|ξ0|
max{2,2δ} < ∞. Òîãäà ñóùåñòâóåò

ïîëîæèòåëüíàÿ êîíñòàíòà Aδ, çàâèñÿùàÿ îò δ, ðàñïðåäåëåíèÿ ξ0 è íåçàâè-
ñÿùàÿ îò {cn}, òàêàÿ ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî:

Aδ(
∑

k∈Z

c2k)
δ ≤ E|

∑

k∈Z

ckξk|
2δ. (3)

Â ñëó÷àå δ ≥ 1 íåðàâåíñòâî (3) ñðàçó ñëåäóåò èç íåðàâåíñòâà Ëÿïóíîâà
(äîñòàòî÷íî ïîëîæèòü â (2) t = 2δ, s = 2, ζ =

∑
k∈Z ckξk), ïðè ýòîì,

î÷åâèäíî, Aδ=1.

Íåðàâåíñòâî (3) â ñëó÷àå δ < 1 ÿâëÿåòñÿ îñíîâíûì ðåçóëüòàòîì ðàáîòû.

Çàìåòèì, ÷òî êîíñòàíòà Aδ â ýòîì ñëó÷àå êîíêðåòèçèðóåòñÿ â (21).

Ïðåäëîæåíèå 1. Ïóñòü 0 < δ < ∞ è E|ξ0|
max{2,2δ} < ∞. Òîãäà ñóùå-

ñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà Bδ, çàâèñÿùàÿ îò δ, ðàñïðåäåëåíèÿ ξ0 è
íåçàâèñÿùàÿ îò {cn}, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî:

E|
∑

k∈Z

ckξk|
2δ ≤ Bδ(

∑

k∈Z

c2k)
δ. (4)

Â ñëó÷àå δ ≤ 1 íåðàâåíñòâî (4) ñëåäóåò èç íåðàâåíñòâà Ëÿïóíîâà, ïðè
ýòîì Bδ=1. Â ñëó÷àå δ > 1 êîíñòàíòà Bδ êîíêðåòèçèðóåòñÿ â (24).
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� 3. Äîêàçàòåëüñòâà.

3.1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ ê äîêàçàòåëüñòâó òåî-

ðåìû 1.

Ïóñòü η � íåêîòîðàÿ ñëó÷àéíàÿ âåëè÷èíà. Ïîñòðîèì íà îäíîì âåðîÿòíîñò-

íîì ïðîñòðàíñòâå ñ η ñëó÷àéíóþ âåëè÷èíó η, íåçàâèñèìóþ îò η è èìåþùóþ
òî æå ðàñïðåäåëåíèå, ÷òî è η. Áóäåì ãîâîðèòü, ÷òî ñëåäóþùàÿ ðàçíîñòü:

η̃ = η − η ÿâëÿåòñÿ ñèììåòðèçàöèåé η.
Ïîñòðîèì ïîñëåäîâàòåëüíîñòü {ξk} íåçàâèñèìûõ îäèíàêîâî ðàñïðåäå-

ëåííûõ ñëó÷àéíûõ âåëè÷èí, òàêóþ ÷òî {ξk} íå çàâèñèò îò {ξk} è ξ0 ñîâ-
ïàäàåò ïî ðàñïðåäåëåíèþ ñ ξ0. Äàëåå, ïîìèìî {ξk}, áóäåì èñïîëüçîâàòü

ïîñëåäîâàòåëüíîñòü: {ξ̃k} (çäåñü ξ̃k = ξk − ξk).
Ââåäåì îáîçíà÷åíèÿ:

S =
∞∑

k=−∞

ckξk (5)

è

SN =
N∑

k=−N

ckξk, N = 1, 2, . . . . (6)

Íàì ïîíàäîáèòñÿ ñëåäóþùèé îáùèé ðåçóëüòàò (ñì., íàïðèìåð, [4℄).

Ëåììà 1. Ïóñòü {ζn} � ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí, äëÿ

êîòîðîé ïðè íåêîòîðîì ïîëîæèòåëüíîì ε âûïîëíÿåòñÿ íåðàâåíñòâî:

sup
n

E|ζn|
1+ε < ∞.

Òîãäà {ζn} � ðàâíîìåðíî èíòåãðèðóåìàÿ ïîñëåäîâàòåëüíîñòü.

3.2 Äîêàçàòåëüñòâî òåîðåìû 1.

�àññìîòðèì ñëó÷àé δ < 1.
Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {|SN |

2δ}N≥1 ÿâëÿåòñÿ ðàâíîìåðíî

èíòåãðèðóåìîé. Îïðåäåëèì �óíêöèþ G(t) = t1/δ. Èìååò ìåñòî ñîîòíîøå-

íèå:

EG(|SN |
2δ) =

N∑

k=−N

c2k.
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Ñëåäîâàòåëüíî,

sup
N

EG(|SN |
2δ) ≤

∞∑

k=−∞

c2k < ∞.

Îòêóäà â ñîîòâåòñòâèè ñ ëåììîé 1 âûòåêàåò óïîìÿíóòàÿ ðàâíîìåðíàÿ èí-

òåãðèðóåìîñòü. Êðîìå òîãî, îòìåòèì, ÷òî SN → S ïðè N → ∞ (ï. í.). Ýòà

ñõîäèìîñòü è ðàâíîìåðíàÿ èíòåãðèðóåìîñòü {|SN |
2δ}N≥1 âëå÷åò

E|SN |
2δ → E|S|2δ, N → ∞. (7)

Äàëåå, íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà (ñì. [3, 5℄).

Ëåììà 2. Ïóñòü Y1,...,Yn � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, E|Yk|
p <

∞ (k = 1, ..., n). Ïîëîæèì

Λn(y, p) =

(
n∑

k=1

∫

|x|<y

x2dṼk(x)

)p/2

+

n∑

k=1

∫

|x|≥y

|x|pdṼk(x) (8)

è λn(p) = infy≥0 Λn(y, p), ãäå Ṽk(x) � �óíêöèÿ ðàñïðåäåëåíèÿ ñèììåòðèçî-

âàííîé ñëó÷àéíîé âåëè÷èíû Ỹk.

Åñëè 1 ≤ p < 2 è EYk = 0 äëÿ âñåõ k, òî

d1(p)λn(p) ≤ E|
n∑

k=1

Yk|
p ≤ d2(p)λn(p).

Åñëè 0 < p < 1 è êàæäàÿ ñëó÷àéíàÿ âåëè÷èíà Yk èìååò íóëü ñâîåé

ìåäèàíîé (ò. å. P(Yk < 0) ≤ 1/2, P(Yk ≤ 0) ≥ 1/2), òî

d1(p)λn(p) ≤ E|
n∑

k=1

Yk|
p ≤ 2λn(p).

Çäåñü d1(p), d2(p) � ïîëîæèòåëüíûå êîíñòàíòû, çàâèñÿùèå òîëüêî îò

p.

Ïðåæäå âñåãî ïóñòü 1/2 ≤ δ < 1. Ïðèìåíèì ëåììó 2 ê íàáîðó {ckξk, k =
−N, . . . , N} (p = 2δ). Ñîîòíîøåíèå (8) ïåðåïèøåì â âèäå:

Λ2N+1(y, 2δ) = (

N∑

k=−N

c2kE(ξ̃
2

0χ{|ck||ξ̃0| < y}))δ

+

N∑

k=−N

|ck|
2δ
E(|ξ̃0|

2δχ{|ck||ξ̃0| ≥ y}),

(9)
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ãäå χ(·) � èíäèêàòîðíàÿ �óíêöèÿ. �àññìîòðèì ïåðâîå ñëàãàåìîå ïðàâîé

÷àñòè (9). Â ñèëó íåðàâåíñòâà Ëÿïóíîâà èìååì

E(ξ̃20χ{|ck||ξ̃0| < y}) ≥ [E(|ξ̃0|
2δχ{|ck||ξ̃0| < y})]1/δ.

Îòêóäà ïîëó÷àåì îöåíêó ñíèçó äëÿ óïîìÿíóòîãî ïåðâîãî ñëàãàåìîãî

(

N∑

k=−N

c2kE(ξ̃
2

0χ{|ck||ξ̃0| < y}))δ

≥ (
N∑

k=−N

c2k[E(|ξ̃0|
2δχ{|ck||ξ̃0| < y})]1/δ)δ.

(10)

�àññìîòðèì âòîðîå ñëàãàåìîå ïðàâîé ÷àñòè (9). Èñïîëüçóÿ ñëåäóþùåå

íåðàâåíñòâî (ñì., íàïðèìåð, [5℄)

n∑

k=1

|ak|
p ≥ |

n∑

k=1

ak|
p (0 < p ≤ 1), (11)

ñïðàâåäëèâîå äëÿ ëþáîãî n ∈ N è ëþáûõ a1, . . . , an ∈ R, âûâîäèì îöåíêó

ñíèçó

N∑

k=−N

|ck|
2δ
E(|ξ̃0|

2δχ{|ck||ξ̃0| ≥ y})

≥ (

N∑

k=−N

c2k[E(|ξ̃0|
2δχ{|ck||ξ̃0| ≥ y})]1/δ)δ.

(12)

Ñêëàäûâàÿ (10) è (12), ïîëó÷àåì

Λ2N+1(y, 2δ) ≥ (

N∑

k=−N

c2k[E(|ξ̃0|
2δχ{|ck||ξ̃0| < y})]1/δ)δ

+ (
N∑

k=−N

c2k[E(|ξ̃0|
2δχ{|ck||ξ̃0| ≥ y})]1/δ)δ.

Èç (11) (äëÿ ñëó÷àÿ n = 2) âûâîäèì

Λ2N+1(y, 2δ) ≥

(
N∑

k=−N

c2k ([E(|ξ̃0|
2δχ{|ck||ξ̃0| < y})]1/δ

+[E(|ξ̃0|
2δχ{|ck||ξ̃0| ≥ y})]1/δ)

)δ
.

(13)
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�àññìîòðèì ïðàâóþ ÷àñòü (13). Íàéäåì îöåíêó ñíèçó äëÿ

[E(|ξ̃0|
2δχ{|ck||ξ̃0| < y})]1/δ + [E(|ξ̃0|

2δχ{|ck||ξ̃0| ≥ y})]1/δ. (14)

Áóäåì èñïîëüçîâàòü ñëåäóþùåå íåðàâåíñòâî (ñì., íàïðèìåð, [5℄)

np−1

n∑

k=1

|ak|
p ≥ |

n∑

k=1

ak|
p (p ≥ 1), (15)

ñïðàâåäëèâîå äëÿ ëþáîãî n ∈ N è ëþáûõ a1, . . . , an ∈ R. Èñïîëüçóÿ (15)

ïðè n = 2, íàõîäèì îöåíêó ñíèçó äëÿ (14):

21−
1

δ

(
E(|ξ̃0|

2δχ{|ck||ξ̃0| < y}) + E(|ξ̃0|
2δχ{|ck||ξ̃0| ≥ y})

)1/δ
.

Ïîñêîëüêó â ïîëó÷åííîì âûðàæåíèè χ{|ck||ξ̃0| < y} + χ{|ck||ξ̃0| ≥ y} =

1, ïîýòîìó ìû ñðàçó ïîëó÷àåì, ÷òî ýòî âûðàæåíèå ðàâíî 21−
1

δ (E|ξ̃0|
2δ)1/δ.

Ïðèìåíÿÿ íàéäåííóþ îöåíêó ê (13), âûâîäèì

Λ2N+1(y, 2δ) ≥ 2δ−1
E|ξ̃0|

2δ(

N∑

k=−N

c2k)
δ. (16)

Â ñîîòâåòñòâèè ñ ëåììîé 2 ìû ïîëó÷àåì íåðàâåíñòâî

d1(2δ)2
δ−1

E|ξ̃0|
2δ(

N∑

k=−N

c2k)
δ ≤ E|SN |

2δ. (17)

Ïåðåéäåì ê ñëó÷àþ δ < 1/2. Íàïîìíèì, ÷òî ξ̃k = ξk − ξk (ñì. ðàçäåë

3.1). Î÷åâèäíî, ÷òî

E|
N∑

k=−N

ckξ̃k|
2δ ≤ E

(
|

N∑

k=−N

ckξk|+ |
N∑

k=−N

ckξk|

)2δ

.

Ïðèìåíÿÿ (11) (äëÿ ñëó÷àÿ n = 2) ê ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà,
âûâîäèì

E|

N∑

k=−N

ckξ̃k|
2δ ≤ 2E|

N∑

k=−N

ckξk|
2δ. (18)

�àññìîòðèì íàáîð {ckξ̃k, k = −N, . . . , N} (î÷åâèäíî, ÷òî {ξ̃k} èìåþò íîëü
ñâîåé ìåäèàíîé). Äàëåå âîñïîëüçóåìñÿ ëåììîé 2. Ïðîâîäÿ âû÷èñëåíèÿ,

àíàëîãè÷íûå ñëó÷àþ 1/2 ≤ δ < 1, ïîëó÷àåì

d1(2δ)2
δ−1

E|ζ̃|2δ(

N∑

k=−N

c2k)
δ ≤ E|

N∑

k=−N

ckξ̃k|
2δ,
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ãäå ζ = ξ̃0. Èç ýòîãî íåðàâåíñòâà è èç (18) ñðàçó ñëåäóåò

d1(2δ)2
δ−2

E|ζ̃|2δ(

N∑

k=−N

c2k)
δ ≤ E|SN |

2δ. (19)

Èìåÿ â âèäó (7), ïåðåéäåì â (17) è (19) ê ïðåäåëó ïðè N → ∞, â èòîãå

ïîëó÷àåì

Aδ(DS)δ ≤ E|S|2δ, (20)

ãäå

Aδ =

{
d1(2δ)2

δ−1
E|ξ̃0|

2δ
ïðè 1/2 ≤ δ < 1,

d1(2δ)2
δ−2

E|ζ̃|2δ ïðè δ < 1/2.
(21)

Òåîðåìà äîêàçàíà.

3.3 Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 1.

Áóäåì ðàññìàòðèâàòü ñëó÷àé δ > 1. Óòâåðæäåíèå ïðåäëîæåíèÿ 1 ñëåäóåò

èç íåðàâåíñòâà �îçåíòàëÿ, ïðè ýòîì ìû ïðèäåðæèâàåìñÿ ñõåìû äîêàçà-

òåëüñòâà ëåììû 13 èç [6℄. Ïðèâåäåì óïîìÿíóòîå íåðàâåíñòâî (ñì., íàïðè-

ìåð, [5℄).

Ëåììà 3. Ïóñòü {Yk}k=1...n � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, EYk =
0 äëÿ ëþáîãî k, p ≥ 2. Ïîëîæèì

Mp,n =

n∑

k=1

E|Yk|
p, Bn =

n∑

k=1

EY 2

k .

Òîãäà

E|

n∑

k=1

Yk|
p ≤ d(p)(Mp,n +Bp/2

n ),

ãäå d(p) � ïîëîæèòåëüíàÿ êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò p.

Ïðèìåíèì ëåììó 3 ê íàáîðó {ckξk, k = −N, . . . , N} (p = 2δ), ïðè ýòîì

çàìåòèì, ÷òî

M2δ,2N+1 = E|ξ0|
2δ

N∑

k=−N

|ck|
2δ, B2N+1 =

N∑

k=−N

c2k.
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26 Ìîìåíòíûå íåðàâåíñòâà äëÿ ñóììû ñëó÷àéíûõ âåëè÷èí

Â èòîãå ïîëó÷àåì íåðàâåíñòâî (ñì. (6))

E|SN |
2δ ≤ d(2δ)(M2δ,2N+1 +Bδ

2N+1). (22)

Èç ëåììû Ôàòó (ñì., íàïðèìåð, [2℄) ñëåäóåò, ÷òî

E(lim inf
N→∞

|SN |
2δ) ≤ lim inf

N→∞
E|SN |

2δ.

Ïðèìåíÿÿ ýòî íåðàâåíñòâî ê (22), ñ ó÷åòîì òîãî, ÷òî DS =
∑

k∈Z c
2
k (ñì.

(5)), âûâîäèì

E|S|2δ ≤ d(2δ)(E|ξ0|
2δ
∑

k∈Z

|ck|
2δ + (DS)δ). (23)

Îòìåòèì ñëåäóþùåå î÷åâèäíîå íåðàâåíñòâî. Äëÿ àáñîëþòíî ñóììèðóåìîé

ïîñëåäîâàòåëüíîñòè {bk} âûïîëíÿåòñÿ

∑

k∈Z

|bk|
δ ≤ (

∑

k∈Z

|bk|)
δ, δ ≥ 1.

Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî

∑

k∈Z

|ck|
2δ ≤ (

∑

k∈Z

c2k)
δ.

Ïðèìåíÿÿ ïîëó÷åííîå íåðàâåíñòâî ê (23), âûâîäèì

E|S|2δ ≤ Bδ(DS)δ,

ãäå

Bδ = d(2δ)(E|ξ0|
2δ + 1). (24)

Ïðåäëîæåíèå äîêàçàíî.
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